ABSTRACT. A simple proof is given to the theorem of F. B. Jones which asserts the existence of such a subgroup of the additive group R2 as in the title.
Theorem. There exists an additive function f: R -> R such that both the graph G, and its complement Gf are connected and dense in the plane R2.
Let p denote the perpendicular projection of the plane R2 onto the x-axis R ( = R X 0). We say that a set M in R2 has a positive width if p(M) contains an open interval of the x-axis. We denote by ß the collection of all closed subsets of R2 which have a positive width. Then the preceding theorem is a consequence of the following two propositions:
Proposition
A. There exist an additive function f:R^>R such that its graph Gf intersects every member M of Q.
B. // a graph Gh intersects every member M of Í2, then both Gh and Gl are dense connected subsets of R2.
To prove the propositions, we begin with the following Lemma. S2 and R have the same cardinality: \Q\ = \R\. (i) W C\p-\x)* 0 for all x g P, and (ii) p'\a)C W for all a G A.
Then W is path-connected.
Proof. Let a0 g A and let W0 be the path component of W which contains a0. For any z G W, we can find a path-connected neighborhood U(z) of z which is contained in W. Since /I is dense in the x-axis, U(z) meets a line /J_1(«) for some a <e A. Hence, z and a can be joined by a path in the subset U(z) U p~l(a) of H7. Now we prove that a g Wq. Suppose a e IV -W(y We may assume a(i < a. Let Ax = [6 e A: a0 < b, b g W -W0\, and let £ = inf >!,. Since W0 is an open set containing a0, we have a0 < £. By (i), there is a point Zj G W n /?_1(£). Let U(zx) be a path-connected neighborhood of zl contained in W. Then p(U(zl)) is a
